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Abstract. Several three-grating Mach-Zehnder atomic interferometers have been built and operated in
recent years but no general theory of the contrast of the fringes produced by these apparatus is available.
The purpose of this paper is to develop this theory, based on the Fresnel-Kirchoff approximate treatment
of diffraction. Such a theory has been developed by Turchette et al. [JOSA B 9, 1601 (1992)] but because
the necessary multiple integrals were evaluated in a purely numerical way, this treatment was not fully
general. We show here how to reduce the computation by analytic means and we are thus able to calculate
the contrast with a modest numerical effort. Moreover, we get a simple insight of the contrast reduction
related to several defects of a real apparatus. We apply our calculations to existing interferometers as well
as to an apparatus working with lithium which is under construction in our laboratory.

PACS. 03.75.Dg Atom and neutron interferometry – 32.80.Lg Mechanical effects of light on atoms,
molecules, and ions – 42.50.Vk Mechanical effects of light on atoms, molecules, electrons, and ions

1 Introduction

When building an atomic interferometer, one is concerned
with the contrast of the fringes produced by the apparatus.
The contrast depends on the source, on the tools used to
create interfering beams (mirrors and beam splitters) and
on the geometry of the apparatus. Our interest will be
focused on atomic interferometers with spatially separated
beams.

In order to optimize the interferometer we are build-
ing, we have developed a very simple numerical simulation
so that we can easily vary the geometrical parameters.
Throughout the present study, we focus on the geometrical
effects and consider that the atoms are optically pumped
into the same internal state. This pumping avoids the loss
of contrast due to magnetically-induced phase shifts be-
tween the different Zeeman sub-levels [1]. Furthermore, we
suppose a perfectly steady interferometer and do not take
into account vibrations, acceleration and rotation of the
interferometer.

In Section 2, we describe the type of atomic interfer-
ometers with which we are dealing and in Section 3, we
explain the model we use to simulate them. In Section 4,
we analyze the effect of misalignment on the fringe con-
trast and in Section 5 we emphasize the conceptual differ-
ences between amplitude gratings [2] and phase gratings
[3,4] and their consequences on the contrast. We evaluate
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the effect of the paths corresponding to different diffrac-
tion orders on the contrast of an interferometer working
with lithium and phase gratings and compare it with one
already built using amplitude gratings and sodium [2]. In
this section, we also discuss the possible improvements of
the contrast.

2 The three grating Mach-Zehnder atomic
interferometer

The atomic interferometers we are simulating are of the
Mach-Zehnder type, where the mirrors and the beam split-
ters are three diffraction gratings. Examples of such in-
terferometers are described in references [2,5,6] and their
general design is represented in Figure 1. In such a de-
vice, the two first gratings separate the incoming beam
into several paths corresponding to different diffraction
orders. Some of those recombine in the plane of the last
grating and interfere after diffraction by this grating. The
detector, usually placed in front of the interferometer exit
shown in this figure, remains fixed during data acquisition
[6,7]. In atom interferometers, the source is a skimmed
atomic beam collimated by two slits S0 and S1, usually of
the same width e, which reduce the transverse velocity and
angular dispersion of the beam. Three diffraction gratings
G1, G2, G3 are needed and the signal comes from a surface
ionization detector (i.e. a hot wire for alkali atoms [2] or
a channeltron behind a selecting slit for metastable rare
gas atoms [5,6]).
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Fig. 1. Schematic drawing of an atomic interferometer of the
Mach-Zehnder type. S0 and S1 are collimating slits of width
e0 and e1 (typically 10 µm) and G1, G2 and G3 are the three
gratings. D designates the atomic detector of width d (taken
equal to 50 or 100 µm in our simulations). In our simulations,
we have fixed the other parameters to the values of Pritchard’s
experiment [2]: L01 = 0.8 m, L12 = L23 = 0.6 m and the
distance between the slit S1 and the first grating G1 has been
neglected. The distance L34 between the third grating G3 and
the detector D has been varied between 0 and 0.6 m. Only two
interfering paths are represented by thick lines. The diffraction
orders p1 p2 p3 as defined in the text are equal to 1 −1 0 for
the upper path and 0 1 −1 for the lower path.

Table 1. Relevant parameters for atomic diffraction. For
sodium, material gratings have been used and a = 200 nm
is the value given in reference [2] while for Li and Ar∗, the
gratings are quasi-resonant stationary laser waves with a wave-
length equal to 2a.

atom velocity λ grating period a θ

Na 1000 m/s 0.17 Å 200 nm 87 µrad

Li 1000 m/s 0.57 Å 335 nm 170 µrad

Ar∗ 850 m/s 0.12 Å 405 nm 29 µrad

A plane wave description of the propagation through
the interferometer is very useful to understand how the
fringes can be observed. However, as it will appear later,
this description is a rough approximation for atomic waves
because of diffraction by the slits. In this model, the ini-
tial atomic beam propagating along z axis is described by
a plane wave eika·r (ka‖z). A reciprocal vector kgi is as-
sociated with each grating Gi, ‖kgi‖ = 2π/a where a is
the period of the grating Gi, assumed to be the same for
the three gratings. As ‖kgi‖ � ‖ka‖ and kgi · ka ' 0, the
diffracted beam which encounters a diffraction of order pi
by the grating Gi is simply expressed as eika·reipikgi ·(r−ri).
Here ri defines the position of the grating Gi. The first or-
der diffraction angle θ is defined by

θ =
λ

a
=
‖kgi‖

‖ka‖
(1)

where λ is the atomic wavelength. Values of θ are given in
Table 1 for some typical experiments.

If we consider only the two paths represented in
Figure 1, the resulting amplitude is the sum of two am-

plitudes

ϕ1−10 = A1−10e
i(ka·r+kg1 ·(r−r1)−kg2 ·(r−r2))

ϕ01−1 = A01−1e
i(ka·r+kg2 ·(r−r2)−kg3 ·(r−r3)) (2)

where the indices stand for successive diffraction orders
p1 p2 p3. In a symmetric Mach-Zehnder interferometer
(if the gratings G1 and G3 are identical), the amplitudes
A1−10 and A01−1 are equal (see Appendix C) and the
intensity in the detector plane is proportional to

I = |ϕ1−10 + ϕ01−1|
2

= I0 (1 + cos ((kg1 + kg3 − 2kg2) · r− Φ)) (3)

where the phase Φ = (kg1 · r1 + kg3 · r3 − 2kg2 · r2) de-
pends only on the position of the gratings. When vary-
ing this phase Φ by, for example, shifting the last grating
along x, the intensity at point r varies from 0 to I0 re-
sulting in an interference pattern with a contrast equal to
unity (the contrast is defined as usual by C = (Imax −
Imin)/(Imax + Imin)). If the three gratings have the same
period and the same direction, then kg1 + kg3 − 2kg2 = 0
and this pattern does not depend on the detection point,
and the contrast remains equal to unity when the signal
is integrated over the detector surface. As Φ is indepen-
dent of the atomic wavevector, all the atoms of the beam
have the same contribution to the signal, whatever their
velocity. This apparatus has a “white fringe contrast”.

3 The model

We develop here a model very similar to the one of
Turchette et al. [8] but we are able to reduce consider-
ably the numerical computation by changes of variables
and analytic integrations. In this model, we consider the
first collimating slit S0 as an incoherent source. The signal
measured by the detector is then proportional to the in-
tensity I, integrated over the detector points R4 and the
source points R0.

I =

∫
source

dR0

∫
detector

dR4|A(R0,R4)|2 (4)

where A(R0,R4) is the amplitude diffracted from the
source point R0 to the point R4. In the scalar theory of
diffraction, this amplitude is given by the Fresnel-Kirchoff
diffraction integral. If we take into account the diffrac-
tion by the second slit and first grating, assumed to be
in the same plane, followed by diffraction by the last two
gratings, the amplitude A(R0,R4) depends on the trans-
mission of the gratings ti(Ri) as

A(R0,R4) =
A0

iλ3

∫
S1

dR1
eikaR01

R01
t1(R1)

×

∫ ∞
−∞

dR2
eikaR12

R12
t2(R2)

∫ ∞
−∞

dR3
eikaR23

R23
t3(R3)

eikaR34

R34

(5)
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Fig. 2. Some notations used in the calculations of the
diffracted amplitude. Analogous notations for paths between
G2 G3 and D can be deduced easily from these ones.

where the notations are explained in Figure 2. The usual
Fresnel approximations apply here and we can consider
the Rij as constant in the denominator and simplify their
expression in the phase as follows

Rij =
√
L2
ij + (Xi −Xj)2 + (Yi − Yj)2

' Lij +
(Xi −Xj)

2 + (Yi − Yj)2

2Lij
· (6)

In the Fraunhofer limit, we could neglect the phase asso-
ciated with the wavefront curvature and in this case the
phase would be a linear function of the various Xi. This
limit holds if

kaX
2
max

2L
� 2π (7)

whereas this quantity reaches values as large as 10π in
the case of sodium waves (see Tab. 1) and a 10 µm wide
slit S1.

If the lines of the three gratings are perfectly parallel
to the y axis defined in Figure 1 and if the dimension
of the collimating slits along this axis are large, we can
consider that no diffraction occurs in the y direction. The
maximum Y values may still be small enough so that the
phase associated with the neglected fourth order terms in
equation (6) remains negligible. The integration over Y1,
Y2 and Y3 giving A(R0,R4) can be done exactly using the
results of Appendix A and the result depends on Y0 and
Y4 by a phase which has no practical consequence (see
Eq. (4)) and that we ignore. Then A(R0,R4) reduces to
A(X0,X4)

A(X0,X4) = A

∫ e1/2

−e1/2
dX1

∫ ∞
−∞

dX2

∫ ∞
−∞

dX3

× exp

ika 4∑
j=1

(Xj−1 −Xj)
2

2Lj−1,j

 t(X1)t(X2)t(X3) (8)

where A stands for the constant term

A = A0
1
√

2λ3

eikaL04

√
L04

(1 + i)
1

√
L01L12L23L34

· (9)

We can expand the gratings transmission in a Fourier’s
series:

ti(Xi) =
∞∑

pi=−∞

αi(pi)e
ipikg(Xi−xi) (10)

where xi measures the transverse position of grating Gi.
αi(pi) is the amplitude diffracted in order pi by the grating
Gi and kg is the common grating wavevector. The calcu-
lation of αi(pi) and its dependence with pi is discussed in
Appendix C.

The diffracted amplitude can now be expressed as
a sum over different paths, defined by their successive
diffraction orders p1, p2, p3

A(X0,X4) =
∑
p1p2p3

e−ikg(p1x1+p2x2+p3x3)

× α1(p1)α2(p2)α3(p3)Ap1p2p3(X0,X4) (11)

where Ap1p2p3 and Φp1p2p3 are defined as follows

Ap1p2p3(X0,X4) = A

∫ e1/2

−e1/2
dX1

∫ ∞
−∞

dX2

×

∫ ∞
−∞

dX3e
iΦp1p2p3 (12)

Φp1p2p3 = ka

4∑
j=1

(Xj−1 −Xj)
2

2Lj−1,j
+ kg

3∑
j=1

pjXj.

(13)

Thanks to Appendices A and B, we can easily compute
these integrals. The important result is that the diffraction
amplitude due to diffraction by the slit S1 is the same func-
tion of the coordinates X0 and X4 for all sets of diffrac-
tion orders. The effect of diffraction by the three gratings
is only to shift this amplitude in space and in phase and
to give to each set a different weight α1(p1)α2(p2)α3(p3)

Ap1p2p3(X0,X4) = eiΨp1p2p3A000(X0,X
′

4) (14)

where X
′

4 is given by

X
′

4 = X4 − (p1L14 + p2L24 + p3L34)θ. (15)

The spatial shift X4−X
′

4 depends only on the diffraction
orders and the geometry of the apparatus. The phase shift
Ψp1p2p3 is given in Appendix B (B.6). We need to evaluate
the function A000(X0,X4) which is just the amplitude in
the detector plane of the wave emitted by the source at X0

and diffracted by the slit S1, as if there were no gratings.
Its value is given below for sake of completion:

A000(X0,X4) =

A0 exp

(
ika

(
L04 +

(X4 −X0)2

2L04

))
(1− i)

2L04
Ad(X

∗
1 ) (16)
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Ad(X
∗
1 ) =

√
2L04

λL01L14

∫ e1/2−X
∗
1

−e1/2−X∗1

du

× exp

(
ika

u2

2

(
L04

L01L14

))
(17)

X∗1 = (L01X4 + L14X0)/L04. (18)

X∗1 is the point where the straight line going from X0 to
X4 crosses the plane of the diffracting slit. In conclusion,
our simulation reduces to the computation, for each set
p1, p2, p3 of diffraction orders, of the amplitude diffracted
in X4 from X0, Ap1, p2, p3(X0,X4, ) and the numerical in-
tegration has to be done only once as it is identical for
any set p1, p2, p3. The function |A000(X0,X4)|2 is plotted
in Figure 3a, and clearly the Fresnel diffraction effects are
very important.

If we consider only the two paths of Figure 1 and when
the interferometer is perfectly symmetric (L12 = L23),
the diffraction amplitude A1−10 and A01−1 are identical
functions of X0 and X4

I(X0,X4)

∝ |Ad(X
∗
1 )|2(1 + C0 cos(kg(x1 − 2x2 + x3))) (19)

where C0 depends only on the diffraction parameters
αj(pj) and is equal to unity if the first and the third grat-
ings are identical. This interference pattern keeps the same
contrast C0 when integrated over the source and detector
width. However it is not obvious that one can put the de-
tector in a region where only the two paths of Figure 1
contribute to the signal. This point is discussed in Sec-
tion 5.

4 Defects of the interferometer

In this section, we consider two defects of the interferom-
eter and we first assume a monochromatic source. In the
first case, the distances between the gratings are not equal
and in the second case, the gratings are slightly rotated in
their plane. We still limit the discussion to an interferom-
eter where only the two paths of Figure 1 are taken into
account.

4.1 Mismatch of the distances between the gratings

We want to estimate the effect of the mismatch ∆L =
L23 − L12 on the contrast. For simplicity, we introduce
the classical phase Φclp1p2p3

associated with a path going
from point source X0, falling on detector point X4 and
undergoing successive diffraction of orders p1, p2, p3

Φclp1p2p3
= Ψp1p2p3 + ka

(X
′

4 −X0)2

2L04
· (20)

The two waves leaving X0 and falling on X4 encounter a
phase difference ∆Φcl proportional to the mismatch ∆L
and which is given by

∆Φcl = kg∆L

[
θ

(
L

L04
−

1

2

)
+
X0 −X4

L04

]
(21)

where L is the mean value of L12 and L23. Another phase
difference is induced, due to the fact that the two diffrac-
tion patterns are no longer perfectly identical. There is
no simple expression for this last term, but it plays a
negligible role in the limit of a wide diffracting slit S1.
The phase difference given by (21) separates in a constant
term which only induces a global phase shift of the inter-
ference pattern. This shift is compensated by translation
of the third grating. The second term is proportional to
(X0 − X4) and can be compensated only on average. So
the contrast decreases when integration over the source
and detector areas is performed. If the only phase shift
we consider is the classical one ∆Φcl, and if we ignore the
one induced by modification of the two diffraction figures,
the contrast would be reduced from its value C0 corre-
sponding to ∆L=0, to a new value C. This modification
depends on the width e0 of the source slit S0, the width
d of the detector and the period of the gratings through
kg = 2π/a:

C = C0

∣∣∣∣ sinc

(
kge0∆L

2L04

)
sinc

(
kgd∆L

2L04

)∣∣∣∣ (22)

where sinc(x) = sin(x)/x. Figure 4 compares this expres-
sion to the result of the numerical simulation which makes
no approximation. The phase difference associated with
the diffraction by the slit S1 becomes negligible when this
slit is wide enough and then equation (22) gives the same
result as the numerical computation.

4.2 Grating rotation

Another imperfection of the interferometer which can be
taken into account in our model is the rotation of the
three gratings in their plane, i.e. kg1 , kg2 and kg3 keep
the same norm, are still in the same plane (x,y) but have
slightly different directions in this plane. Let δi be the an-
gle between the vector kgi and the x axis. In this case,
equation (5) remains true but we cannot ignore the y di-
rection (see Fig. 1) as in equation (8). In a first order
approximation in δi, the Fourier series now become

ti(Ri) =
∞∑

p=−∞

αi(pi)e
−ipikgi .rieipikgi (Xi+δiYi). (23)

In this approximation, the integration over X1, X2 and
X3 is not affected but the integration over Y1, Y2 and
Y3 gives a different result, depending on Y0 and Y4. We
consider that the slit height is such that we can neglect
diffraction by the second slit S1 along the y direction.
With the same integration techniques of Appendices A
and B, the calculations can be done in closed form. The
angles δj induce a phase difference between the two arms.
A part of this term is independent of Y0 and Y4 and does
not induce any contrast loss. The other contribution to the
phase difference depends linearly on Y0 and Y4. It induces
a contrast loss when the signal is integrated over the height
h0 of the source slit S0 and the height hD of the detector.
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Fig. 3. (a) Intensity diffracted by slit S1 in the detection plane in the case of a point source (left: sodium beam, right: lithium
beam). (b) Intensity diffracted by the same slit S1 in the case of a source slit S0 of width e0 = 10 µm. The slit S1 has a width
e1 = 10 µm and the atomic velocity is 1000 m/s. The distance L14 from the slit S1 to the detector plane is fixed at 1.4 m and
the intensities are plotted versus X4 expressed in µm.
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Fig. 4. Contrast of the fringe pattern versus mismatch ∆L =
L23−L12 in meters, for a lithium beam with a velocity equal to
1000 m/s and a grating period a equal to 335 nm. In the three
cases the source width e0 is 10 µm and the detector width d is
50 µm. The width of the collimating slit e1 is 10 µm (solid line),
20 µm (dotted line) or 30 µm (dot-dashed line). The contrast
calculated according to equation (22) is identical to the one
computed in this last case as long as ∆L < 0.05 m.

This contrast is now reduced from C0 to

C = C0

∣∣∣∣ sinc

[
kgh0

2

(
δ21L14 + δ23L34

L04

)]
×sinc

[
kghD

2

(
δ21L01 + δ23L03

L04

)]∣∣∣∣ (24)

where δ21 = δ2 − δ1 and δ23 = δ2 − δ3. This expression
is just a generalization of the results presented in [7] to
the case where the detector is not in the plane of the
third grating. With a source and a detector having both a
1 mm height and a distance L34 = 0.6 m, the contrast has
its first zero for δ23 = 435 µrad for a lithium interferom-
eter and 258 µrad for a sodium interferometer (all other
parameters as in Tab. 1). This implies that the gratings
must be parallel to better than a few tens µrad.

The two analytic expressions (Eqs. (22, 24)) for the
contrast show that smaller grating periods render the con-
trast more sensitive to misalignment.

4.3 A non monochromatic source

In the case of a polychromatic source, phase shifts induced
by these different defects suffer from dispersion and the
contrast of the fringes is further reduced. Usually the lon-
gitudinal velocity distribution can be approximated by a
Gaussian as long as this distribution is sufficiently narrow
(i.e. α� u) [9]

P (v) =
1
√
πα

e−((v−u)/α)2

(25)

where α is related to the longitudinal temperature of
the atomic beam. The coherence length of such a source
lc is [10]:

lc =
λ0√
2π

u

α
· (26)

We define the mean wavelength λ0 as the value of λ for
v = u and in a similar way, we call θ0 the corresponding
value of the diffraction angle θ. The finite coherence length
reduces the contrast of a two beams interference pattern
in the following way:

C(ξ) = C0e
−ξ2/(2lc)

2

(27)

where ξ is the difference in optical paths and C0 is the
contrast for ξ = 0.

When the distances between the gratings are different,
the loss of contrast associated with this dispersion can be
evaluated as in Section 4.1 if it is a good approximation
to neglect the phase differences induced by the different
diffraction amplitudes by slit S1. Then, if C is the contrast
for a monochromatic source, the contrast becomes

C
′

= C exp

(
−

(
kg∆L

2

(
L

L04
−

1

2

)
α

u
θ0

)2
)
. (28)

The contrast is now a decreasing function of kgθ0 =
2πλ/a2 and not of 1/a as in equation (22). Therefore,
the best compromise between a large diffraction angle and
a small sensitivity to defects is to choose a large atomic
wavelength and a large grating periodicity.

The calculation of the fringe contrast can be also per-
formed by a numerical average over the velocity distribu-
tion (25). As expected, the numerical result agrees very
well with the analytical expression for cases where the
phase effect of the diffraction by the slit S1 is negligible
(for instance e1 = 30 µm and ∆L ≤ 0.05 m as in Fig. 4).
When this phase effect cannot be neglected, the calcu-
lated contrast decreases faster with∆L than the analytical
result.

In case of rotation of the gratings, the expression of
the new contrast is similar to equation (28) but the terms
appearing in the exponential are proportional to δ2

i and
we may expect that the corresponding loss of contrast will
be small. In any case, as we have carried the calculations
only up to the first order in δi, it is not reasonable to
discuss only one second order effect.

5 Contribution of multiple paths to the signal

When diffraction is performed by a standing laser wave
(i.e. a phase grating) or with a material grating (i.e. an
amplitude grating), simultaneous diffraction in several or-
ders is obviously possible and has been observed [3]. So the
paths represented in Figure 1 are not the only ones which
may contribute to the signal. This problem does not oc-
cur when the laser wave is thick enough so as to play the
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Table 2. FWHM (in µm) of diffraction in the detector plane image of a 1000 m/s atomic beam of lithium and sodium for
different widths of source and collimating slits. L12 = L23 = L = 0.6 m and L34 = 0.6 m.

atom diffracting slit point source 10 µm wide source 20 µm wide source θL

Li 10 µm 26 26 48 97 µm

Li 20 µm 51 58 58 97 µm

Na 10 µm 25 32 46 49 µm

Na 20 µm 56 59 59 49 µm

1

L L

2

1

3

LL01 12 23 34

S S G G G0 1 1 2 3

4

8

8’

5
6

7

Fig. 5. Diffracted paths that contribute the most to the signal.
The coherence groups labeled on the figure are defined by their
diffraction orders as follows: group 1: 1, −1, 0 and 0, 1, −1;
group 2: 1, −1, 1 and 0, 1, 0; group 3: 1, −1, 2 and 0, 1, 1;
group 4: 1, −1, 3 and 0, 1, 2; group 5: 1, −1, −2 and 0, 1, −3;
group 6: 1, −1, −1 and 0, 1, −2; group 7: 1, 0 , −2; group 8:
1, −2, 2 and −1, 2, 0; group 8’: 0, 0, 1.

role of a crystal for the atomic wave. Then, diffraction oc-
curs only if the Bragg matching condition is fulfilled. This
condition allows only one diffraction angle [4,11] if the
longitudinal velocity dispersion is not too wide [12] and
in an interferometer using Bragg diffraction, the two-path
description should be valid. Then the theoretical contrast
can be as large as 100%. Indeed, the observed contrast in
the experiment done in Siu Au Lee’s group [5] has reached
the quite good value of 62% although the atoms were not
optically pumped.

In this section, we focus on the effect of extra diffracted
paths on the fringe contrast, such as illustrated in
Figure 5. We now suppose the interferometer perfectly
aligned (kgi = kg) and balanced (L23 = L12). We compare
the interferometer we want to build using a lithium beam
and phase gratings (PG) with periodicity a = λL/2 =
335 nm to the only existing amplitude gratings (AG) in-
terferometer, the one built by Pritchard’s group, using a
sodium beam [13]. We will use in the calculations the value
of the grating period a = 200 nm [2] although smaller val-
ues also have been used [14].

The contribution of extra beams can be very impor-
tant, depending on the widths of the detector and of the
slits. The intensities diffracted in the detector plane by a
10 µm slit from a 10 µm wide source are plotted in Fig-
ure 3b and Table 2 sums up the FWHM of these intensities
for sodium and lithium as well as for different slit widths.
It is useful to compare these widths to the transverse shift

θL between consecutive exiting paths. This comparison
proves that many paths can contribute to the signal. As a
consequence, L34 must be chosen to minimize these effects
and the detector and slit widths must be adjusted so as
not to waste any signal.

5.1 Coherence

Multiple paths can fall on the detector but not all of them
give observable interference signals after integration over
the detector surface. In the calculation, we take into ac-
count the interference effect only between coherent beams
and we add the intensities resulting from various “groups
of coherence”. Practically, two or several paths are coher-
ent and can interfere if they exit the last grating with the
same transverse position and direction. Moreover, to be
realistic, we must take into account the finite coherence
length of the source.

Since a Mach-Zehnder interferometer exhibits white
fringes for identical optical paths (like the (0 +1 −1) and
(+1 −1 0) ones), all the atoms of the same path form the
same interference pattern regardless of their velocity. As
a consequence, in most part of our simulations we neglect
the effect of longitudinal velocity dispersion on the inter-
ference pattern. But this dispersion must be taken into
account to select coherent paths. For a beam of average
velocity u = 1000 m/s and a velocity dispersion (FWHM)
of 10%, lc = 3.7λ comparable to 1 or 2 Å whereas the
optical path difference between two non symmetric paths
is a multiple of Lθ2 which is 170 Å for lithium and 40 Å
for sodium, more than an order of magnitude greater than
lc. As a consequence, if two paths do not have exactly the
same length, ξ � lc and they are not coherent. If the
two paths have the same length, they belong to the same
group {g} of coherence and with the preceding notations
and according to (4), the intensity on the detector point
X4 is

I(X0,X4) =
∑
g

I(X0,X4, {g})

with

I(X0,X4, {g}) = |
∑

p1, p2, p3∈{g}

Ap1, p2, p3(X0,X4)|2. (29)
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5.2 Comparison between phase and amplitude gratings

The detection with an amplitude-grating (AG) interfer-
ometer can be described [7] as a Moiré detection where
the last grating filters an atomic wave resulting from in-
terference of the two paths of Figure 1 and which is sta-
tionary in the transverse direction x. This description is
not the only relevant one and indeed does not explain the
interference pattern obtained with phase gratings (PG).
In this case, there is no Moiré effect and a detector very
close to the third grating measure a fringe pattern with a
zero contrast.

Figure 6 illustrates how we can explain these differ-
ences between these two types of interferometers, with
our model. For AG, since all the diffraction amplitudes
are real positive (cf. Appendix C), all the major exiting
paths give fringe patterns which are in phase. In the PG
case, however, some are in phase opposition because of
the negative or imaginary nature of some of the diffrac-
tion amplitudes (cf. Appendix C). In the PG case, setting
the detector further away from the last grating allows dis-
crimination against opposite phase contributions and ac-
cordingly the contrast increases when L34 increases. For
the AG case, the detection evolves from a Moiré detection
(L34=0) where all diffraction orders from the last grat-
ing contribute, to a “symmetric interferometer” detection
where these orders separate and only some of them con-
tribute to the signal. In the Moiré detection scheme, the
fringe contrast is given by:

C =
sin(πβ3)

πβ3
C0 (30)

where C0 is the contrast of the atomic standing wave in
the plane of the third grating and β3 the clear fraction of
the third grating G3. This contrast can never reach 100%
even in the absence of extra paths (except if β → 0, but
this would reduce the signal to zero). But as soon as the
paths diffracted by the last grating separate in the plane of
the detector, the signal is comparable to the one obtained
with a phase grating interferometer.

Figure 7 proves that the location of the detector should
not be the same for amplitude and phase gratings, but that
for a good choice of the distance L34 between the third
grating G3 and the detector, the best theoretical contrast
can be as large as 80% in both cases. Of course the width
of the detector and of the slits are very important and the
maximum contrast drops from 81% to 54% for the sodium
AG interferometer with β = 0.33 and from 93% to 74%
for the lithium PG interferometer when we simultaneously
increase the width of the detector from 50 µm to 100 µm
and the width of the two slits from 10 to 20 µm.

Using a 50 µm wide detector and 10 µm slits, we can
improve the contrast by using another exiting path of the
interferometer (labeled 2 in Fig. 5). It gives a worse con-
trast for a PG interferometer using lithium but leads to a
better contrast for large distance L34 in case of an AG
interferometer. One should be aware that the interfer-
ence patterns observed on these two exits have phase op-
position but not exactly the same intensities. Zeilinger’s

group [6] used this complementary exit to improve the
contrast of their PG interferometer using metastable ar-
gon. They obtained better contrast in this case because
they used the exit labeled 1 only for small values of the
distance L34 between detector and third grating, a choice
which is not appropriate to this kind of diffraction. With
their design and using the exit labeled 1, the calculated
contrast reaches a very good value for distance L34 larger
than 0.6 m (C = 76%). For the exit labeled 2, the calcu-
lated contrast is slightly less good (65%) at L34 = 0.75 m.

The sensitivity of the contrast to a mismatch of the
distances between the gratings is now different from the
simple case considered in Section 4.1. In this paragraph,
we limited our discussion to the two paths of Figure 1. In
the more general case of a multipath interferometer, the
phase difference ∆Φcl induced by ∆L = L23−L12 between
the paths inside a group of coherence still separates into
a constant term and a term depending on X0 and X4

as in equation (21). The dependence of this second term
with X0 and X4 appears to be identical for all the studied
groups of coherence, but the first term behaves differently
for the various groups of coherence. As a consequence, the
global phase shift induced on the interference patterns by
these constant terms is different for the various groups of
coherence. These phase shifts also contribute to the loss
of contrast if the interference patterns are in phase when
the interferometer is well-balanced (∆L = 0). It is true
for all groups in an AG interferometer and only for some
of them in a PG one. For the other ones, the interference
patterns are exactly in phase opposition when ∆L = 0
so the mismatch will reduce this dephasing and the fringe
contrast could increase.

5.3 Dependence with the transverse position
of the detector

The contribution of all the extra paths explains the exis-
tence of an optimum longitudinal position for the detector,
when its transverse position remains fixed. They explain
too the variations of the observed contrast with the trans-
verse position of the detector when its longitudinal one is
kept fixed. We analyze this behaviour for the longitudinal
position where the contrast is maximum (L34 ' 0.11 m for
Na and AG and L34 ' 0.35 m for Li and PG) and for a po-
sition of the detector center xD varying by ± θL/2 around
the position of the principal exit xD = θL. The results of
these calculations are shown in Figure 8. As expected, the
contrast reaches its maximum very close to the position
of the principal exit but the shape of the two curves are
very different. A phase inversion of the fringe pattern for
xD ' 120 µm explains the shape of the calculated con-
trast for a lithium beam and PG. This inversion is due to
a change of the main contributing path. For positions of
the detector around xD = θL + θL/2, the path with the
largest contribution to the signal is the one labeled 2 in
Figure 5. The fringe pattern due to this path is in phase
opposition with the main one (labeled 1) for PG but in
phase with it for AG.
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Fig. 6. (a, b) Contribution to the interference pattern of the most intense paths versus the displacement x3 of the third grating,
measured in units of the grating period a. The calculations are made for the two kinds of interferometer ((a): sodium and
amplitude gratings with β = 0.33, (b): lithium and phase gratings) and two extreme positions of the detector (left: L34 = 0.1 m,
right: L34 = 0.6 m). The paths are labeled according to the coherence groups labeled as in Figure 5. e0 = e1 = 10 µm and
d = 50 µm and the transverse position of the detector is in front of the beam labeled 1 in Figure 5 (xD = θL).
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Fig. 7. Contrast of the fringe pattern versus position of the
detector L34 (m). Solid line: lithium beam and phase gratings,
dashed line: sodium beam with amplitude gratings β = 0.33,
dot-dashed line: idem β = 0.4. In the three cases, calculations
are done with e0 = e1 = 10 µm and d = 50 µm. The transverse
position of the center xD of the detector is in front of the beam
labeled 1 in Figure 5 (xD = θL).

6 Conclusion

In this paper, we have reanalyzed the Fresnel-Kirchoff the-
ory of the three grating Mach-Zehnder interferometers. We
have simplified the multiple integrals by analytical means
so that the interferometer signal is obtained thanks to a
modest computational effort.

We have thus been able to analyze the fringe contrast
and its reduction when the interferometer is not well-
aligned. This calculation has been done in the case of a
monochromatic source as well as in the more realistic case
of an atomic beam with a Gaussian velocity distribution.
Analytical formulae have been given which explain the
contrast reduction as a function of the alignment defects
in many important cases.

We have also clarified the relation between Moiré de-
tection which is possible only with amplitude gratings
and the normal Mach-Zehnder interfering paths detection
which is the only possible scheme for phase gratings.

We would like to thank Bertrand Georgeot for helpful discus-
sions on the classical phase approximation, Christian Girard
for informations on the atom-surface interactions and John
Weiner for a critical reading of the manuscript. We thank Ré-
gion Midi-Pyrénées for financial support of our laboratory.

Appendix A: Diffraction by an infinite plane

In many occasions we have to evaluate integrals of the
type

= =

∫ +∞

−∞

dXj

× exp

(
ik

(
(Xj −Xj−1)2

2M
+

(Xj+1 −Xj)
2

2N

))
. (A.1)

The important point is that this integral is not limited
in the Xj plane which means that no diffraction occurs
in the jth plane. The calculation is made easier by the
introduction of the ray defined by the stationary phase
condition and going from Xj−1 to Xj+1 through X∗j . This
stationary point X∗j is defined by the ray equation

X∗j −Xj−1

M
−
Xj+1 −X∗j

N
= 0. (A.2)

By the change of variable u = Xj −X∗j the integral (A.1)
reduces to a standard Fresnel integral and the result is

= = (1 + i)

√
π

k

(
MN

M +N

)
× exp

(
ik(Xj−1 −Xj+1)2

2(M +N)

)
· (A.3)

The equality between (A.1) and (A.3) expresses the clear
physical equality between free propagation from plane j−1
to plane j+1 and propagation through a infinite diffractive
plane j placed between j − 1 and j + 1.

Appendix B: Calculation of the diffracted
amplitude

We want to simplify equation (8)

Ap1p2p3(X0,X4) =∫ e1/2

−e1/2
dX1

∫ ∞
−∞

dX2

∫ ∞
−∞

dX3e
iΦp1p2p3 (B.1)

where

Φp1p2p3 = ka

4∑
j=1

(Xj −Xj−1)2

2Lj−1,j
+ kg

3∑
j=1

pjXj . (B.2)

We recall that e1 is the width of slit 1 and that con-
trary to X2 and X3, the integration over X1 is limited
by this width. The second order expansion on Xj (cf.
Eq. (6)) is obviously not valid for large Xj but it is valid
in the region around the stationary path, where the main
contribution to the integral is located. We then make a
change of variables such that the stationary path becomes
a straight line. Two different changes can be made, either
onX1,X2,X3 or onX2,X3,X4. We present here the latter
which has a simpler physical meaning as it compensates
exactly the shifts induced by the diffraction gratings:

X
′

0 = X0

X
′

1 = X1

X
′

2 = X2 − (p1L12)θ (B.3)

X
′

3 = X3 − (p1L12 + (p1 + p2)L23)θ

X
′

4 = X4 − (p1L12 + (p1 + p2)L23 + (p1 + p2 + p3)L34)θ.
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Fig. 8. Contrast of the fringe pattern for the sodium AG (left) and lithium PG (right) interferometers, versus the position
of the center of the detector xD (µm). The longitudinal position L34 of the detector is 0.11 m for the sodium interferometer
and 0.35 m for the lithium one i.e. the values which give the best contrast. The calculations are done with the slit widths
e0 = e1 = 10 µm and a detector width d = 50 µm.

With these new variables Φp1p2p3 expresses as

Φp1p2p3 = ka

4∑
j=1

(X
′

j −X
′

j−1)2

2Lj−1,j
+ Ψp1p2p3 (B.4)

the supplementary phase Ψp1p2p3 which depends only on

X
′

4 is discussed below. When using twice the result of Ap-

pendix A, the integrals on X
′

2 and X
′

3 variables are easily
done. Finally, we use for X1 the same change of variable
as in Appendix A but we cannot perform the integration
because of the finite bounds

Ap1p2p3(X0,X4) = eiΨp1p2p3 exp

(
ika(X

′

4 −X0)2

2L04

)

×

∫ e1/2−X
∗
1

−e1/2−X∗1

du exp

(
ikau

2L04

2L01L14

)
(B.5)

where X∗1 defines the straight line between X0 and X
′

4
in the plane of the diffracting slit. We recognize here the
diffraction pattern of the slit S1 in the detector plane,
simply shifted by X4 − X

′

4 as a result of the diffraction
by the gratings. There is also a phase shift Ψp1p2p3 which,
expressed with X4, is

Ψp1p2p3 = (p1 + p2 + p3)kgX4

−
kgθ

2
(p2

1L12 + (p1 + p2)2L23

+ (p1 + p2 + p3)2L34). (B.6)

The first term expresses that the atomic wave has a com-
ponent of its wavevector along the x direction equal to
(p1 + p2 + p3)kg. The second term is a phase shift due to
the modification in the optical paths.

Appendix C: The diffraction gratings

Phase and amplitude gratings have been used as beam
splitters. Amplitude gratings are made of a periodic array
of slits. These gratings are completely defined by their
period a and their clear fraction β, or the width of the slits
βa (in the simulation we use β = 0.33 or 0.4, according
to [2]) and the diffraction amplitude in the pth order is
given by

α(p) =
sin(pπβ)

pπ
· (C.1)

This expression only takes into account the amplitude ef-
fect of the slits and neglects the phase effect resulting from
the van der Vaals interaction between the atoms of the
beams and the wires of the gratings (gold or silicon nitride
[2]). This phase effect will be discussed in the Appendix D.

Phase gratings consist of near-resonant standing waves
which induce a periodical phase shift on the atomic wave
due to the dynamical Stark effect. For a thin laser wave
the motion of the atoms across this wave can be neglected,
this is the Raman-Nath regime where the Kapitza-Dirac
effect occurs [15]. In this case, the diffracted amplitude is

α(p) = (i)|p|J|p|(φ) (C.2)
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where Jp is the pth Bessel function and φ a phase de-
pending on the standing wave [15]. For large detuning δ
between laser frequency and atomic transition

φ =
1

2δ

∫ +∞

−∞
Ω2(t)dt (C.3)

where Ω(t) is the local Rabi angular frequency of one trav-
eling wave in the atom frame. If the laser electric field has
a Gaussian transverse distribution in the atom local frame,

E(t) = E0e
−(t/τ)2

where τ = ω/v and

φ =
1

2

√
π

2

Ω2
0τ

δ
(C.4)

where Ω0 is the maximum Rabi pulsation of one traveling
wave and ω its waist.

A striking difference between the two equa-
tions (C.1, C.2) is that the diffraction amplitudes
are all real and positive in the first case while they can
also be negative or imaginary in the second case. This
difference has important consequences on the fringe
contrast as discussed in Sections 5.2 and 5.3.

In a symmetric geometry where the first and third
gratings play the symmetric role of beam splitters and
the second one the role of mirrors, the contrast is opti-
mum if φ1 and φ3 (or β1 and β3) are equal. Moreover the
signal is maximum if they both maximize |α1(0)α1(1)|
(φ1 = 1.08 or β1 = 0.65) whereas φ2 (β2) maximizes
|α2(1)| (φ2 = 1.79 or β2 = 0.5). In our simulation, we
choose for the φj these optimal values whereas the βj are
the ones measured experimentally by Pritchard’s group.

Appendix D: Phase effects in material gratings

The van der Waals interactions between the atoms of the
beam and the material of the slits of the gratings induce
a phase effect which has been neglected so far. This effect
can modify the diffraction amplitude α(p) associated to
each diffraction order p. In this appendix we estimate this
effect for a gold and a silicon grating.

We consider an interaction potential between an atom
and the two plane surfaces constituting a slit. The clear
aperture of the slit is still βa and we call l its thickness
(along z). If we neglect the finite size effect related to the
finite thickness of the slit, this interaction behaves roughly
like

V (x, z) =

−
(
C3

x3
1

+
C3

x3
2

)
if 0 ≤ z ≤ l

0 elsewhere
(D.1)

where x1 and x2 are the distance between the atom and
the two surfaces of the slit. If we consider that the atomic

trajectory is not perturbed by this interaction, in a semi-
classical approximation, the phase induced on the atomic
wave by the constant potential V (x) is

∆Φ =
V l

~va
· (D.2)

The C3 coefficients have been evaluated thanks to [16]
for a sodium-gold (C3 = 1.20 au) and a sodium-silicon
(C3 = 1.11 au) interaction. For a thickness l equal to
200 nm [2,17] the phase for an atom crossing the middle
of the slit (x1 = x2 = βa/2 where β is the clear fraction)
at a velocity v = 1000 m/s is 0.31 rad for the first case
and 0.29 rad in the second case. This phase increases very
rapidly when the atomic trajectory is closer to one side of
the slit. This phase effect is obviously not negligible and
it should be taken into account in a detailed description
of the diffraction by material gratings. We have not tried
to do so in the present work.
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